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I. Introduction
In a recent paper Coppo [4] investigated the series
and obtained various interesting properties by comparing different closed-form expressions for it. The same series was earlier studied in [1, p. 413, Eq. (38) ], where we also obtained a closed-form expression for it. 1 In this short note, we devise yet another expression for the same series, showing that there exist an intimate connection between the values of the ζ-function on the critical line 1 /2 + it, t ∈ Ê, Euler's constant γ and the fundamental values of the zeta function at positive integers ζ(n), n = 2, 3, 4, . . . Furthermore, the obtained expression may also be useful in that sense that it also holds for non-integer and even complex values of k.
II. The results
We present our results in the form of two theorems with a corollary. Since the proofs of both theorems are quite similar, for the purpose of brevity we provide the proof only for the first theorem. Theorem 1. The series ν k is closely connected to the values of the ζ-function on the critical line. In particular, ν k may be evaluated via the following integral with an exponentially decreasing kernel:
Theorem 2. For any ω ∈ such that Re ω > −3/2, we also have
Putting ω = k, k ∈ AE 0 , in previous theorems and comparing (1) to the expressions obtained in [1, p. 413, Eq. (38) ], [4] and [2] , enable us to evaluate the integrals in (2) and (3) in a closed-form. For instance,
. is the first Stieltjes constant and κ 1 = 0.5290529699 . . . is a constant related to Gregory's coefficients G n , see [2, Appendix] , as well as the sequence A270859 from the OEIS for more digits of κ 1 . We do not know if such a "simple" result for these integrals could be found for algebraic or just rational values of ω.
Proof. Consider the following line integral taken along a contour C consisting of the interval [−R, +R], R ∈ AE, on the real axis, and a semicircle of the radius R in the upper half-plane, denoted C R ,
with ω ∈ , Re ω > − 1 2 . On the contour C R the last integral may be bounded as follows:
where we denoted
for brevity. Now, in the half-plane σ > 1, the absolute value of ζ(σ + it) may be always bounded by a constant C = ζ(σ), which decreases and tends to 1 as σ → ∞. In contrast, in the strip 0 σ 1 the function ζ(σ + it) is unbounded; presently, the rate of grow is still not known, but it follows from the general theory of Dirichlet series that it cannot be faster than O |t| 1−σ , |t| 1 2 , in the strip 1 
On the other hand, as R tends to infinity and remains integer the integral I R tends to zero as O(1/R). To show this, we first note that
because 0 ϕ π and R ∈ AE. Since ch πRe iϕ −1 is symmetric about ϕ = 1 2 π, we may write
Now, from the well-known inequality 2ϑ π sin ϑ ϑ , ϑ ∈ 0, 1 2 π we deduce that
whence
Inserting both latter results into (5) , we obtain
Hence, making R → ∞, equality (4) becomes
where the latter integral is taken around an infinitely large semicircle in the upper half-plane, denoted C. The integrand is not a holomorphic function: in C it has the simple poles at z = z n ≡ i n − 1 2 , n = 2, 3, 4, . . ., due to the hyperbolic secant, and a double pole at z = i 2 , due to both the hyperbolic secant and the ζ-function. 3 Therefore, by the Cauchy residue theorem
Equating the left part of (8) with the last result yields (2) .
